Let R denote the real numbers. We construct in ZFC a countable space X such that X has exactly one non-isolated point, X is infraconsonant, and X is not consonant. We conclude that X is a completely regular space such that Isbell topology on C (X, R) is a group topology that coincides with the natural (finest splitting) topology on C (X, R), but the Isbell and compact-open topologies on C (X, R) do not coincide. The example answers two open problems in the literature.
Introduction
By ω we mean the non-negative integers and we also let ω stand for the first infinite cardinal. The term space will aways mean topological space.
A filter on a set X is a collection F of subsets of X that is closed under finite intersections and supersets. Given a nonempty family of filters {F α : ∈ I} we denote the finest filter coarser than every filter in the collection by α∈I F α . An arbitrary element E of α∈I F α is formed by picking F α ∈ F α for each α ∈ I and letting E = α∈I F α . If F is a filter in a topological space we define the adherence of F , written adh(F ), to be F ∈F cl(F ).
Let F and G be families of sets. We say that F is coarser than G (or, G is finer than F ) and write F G provided that for every F ∈ F there is a G ∈ G such that G ⊆ F , we will generally apply this notation to filters and topologies. We define G ∨ F = {F ∩ G: F ∈ F and G ∈ G}.
Recall a family B of open sets is compact provided that it is closed under open supersets and for every B ∈ B and open cover U of B there is a finite V ⊆ U such that V ∈ B. A compact family B of open sets is said to be compactly generated provided that for every B ∈ B there is a compact K ⊆ B such that every open superset of K is an element of B.
We say X is consonant provided that every compact family on X is compactly generated. The consonant spaces have been the subject of many investigations, for example, [5, 2, 3, 1, 4, 12] . We say a compact family C is joinable provided that there is another compact family D such that D D ⊆ C. A space is said to be infraconsonant provided that every compact family on X is joinable. It is observed in [7] that every consonant space is infraconsonant and an example is given to show that infraconsonance does not imply consonance for arbitrary topological spaces. However, the following problem was left open Problem 1. ( [7] To motivate our work on Problem 1 we look at some notions and problems from the study of topological function spaces. Let X and Y be spaces. We denote the set of all continuous functions from X into Y by C (X, Y ). There We say a filter F on C (X, R) is continuously convergent to an f ∈ C (X, Y ) provided that for every x ∈ X and open neighborhood V of f (x) there is a neighborhood U of x and an F ∈ F such that g(u) ∈ V for every g ∈ F and u ∈ U . One can think of continuous convergence as a type of local uniform convergence. It is easy to check that any continuously convergent filter on
There is, in fact, a finest topology T (c) on C (X, Y ) with the property that continuous convergence implies convergence in C T (c) (X, Y ). We call T (c) the natural topology, but it is also commonly known as the finest splitting topology.
The following proposition follows immediately from the comments above.
It is well known that C k (X, R) is always a topological group. However, C is (X, R) need not be a topological group, in fact, sometimes even translations on C is (X, R) are not continuous, see, [6] and [7] . So a natural consideration is finding conditions under which the Isbell topology is a group topology.
Proposition 2. ([7]) Let X be a completely regular topological space. X is infraconsonant if and only if C is (X, R) is a topological group.
Hence, an answer to Problem 1 is directly connected to our understanding of when C is (X, R) is a topological group.
The question of when any of the topologies of Proposition 1 coincide has been a subject of much study, see, [5, [8] [9] [10] 7, 11 ]. An immediate observation from the definitions is that, for completely regular spaces, C k (X, R) = C is (X, R) if and only if X is consonant. In [11] , an example is given answering Problem 15 of [10] , under some set-theoretic hypotheses, of a completely regular space X such that
. This raises the following problem.
Problem 2. Is there an example, in ZFC, of a completely regular space X such that
C k (X, R) < C is (X, R) = C T (c) (X, R)?
The example
We now construct a space which shows that Problem 1 and Problem 2 both have positive answers and we discuss some of its properties.
For each n ∈ ω let A n = {(n, k): 0 k n}. Let ∞ be an element outside of ω × ω and X = {∞} ∪ ( n∈ω A n ). Let N (∞) be the collection of all sets U such that ∞ ∈ U and lim n∈ω |U ∩A n | n+1 = 1. It is easily checked that N (∞) is a filter and N (∞) = {∞}. Topologize X so that every point of X \ {∞} is isolated and the neighborhoods of ∞ are exactly the elements of N (∞). Since X has only one non-isolated point, it is completely regular.
Lemma 3. Every compact subset of X is finite.
Proof. Let K ⊆ X be compact. By way of contradiction, assume that K is infinite. In this case, there is an infinite B ⊆ ω
for every n ∈ ω, X \ C is a neighborhood of ∞. It follows that C is a closed infinite discrete subspace of K , contradicting that K is compact. 2
Lemma 4. X is not consonant.
Proof. Since for any U ∈ N (∞) we have A n ∩ U = ∅ for all but finitely many n ∈ ω, the collection C of all neighborhoods of ∞ that have nonempty intersection with every A n is easily checked to be compact. However, C cannot be compactly generated because every compact subset of X is finite, by Lemma 3. . Let E, H ∈ D q . By the argument of the previous paragraph, D q is a compact family. Let n ∈ ω. Proof. By way of contradiction, assume there is a compact family C on X such that D r C for every r ∈ (0, 1).
Let
Suppose now that n 0 and we have constructed D 0 . . . , D n , and k 0 , . . . ,k n so that
A j ⊆ D i for every i n, and
Notice that D 0 , and k 0 satisfy (a) through (d) when n = 0.
We show how to construct D n+1 , and k n+1 so that the conditions (a) through (d) are satisfied. Since D n is a neighborhood of ∞, there is a k n+1 large enough that k n < k n+1 and
for every k k n+1 .
Pick a q n+2 n+3
such that max( 
So,
for any U ∈ D q and l > k n+1 . By our assumption on C, there is a U ∈ D q \ C. Let
So, k n+1 and D n+1 preserve conditions (a) through (d).
A i ∈ C. By (c) and
We say a topological space X is sequentially inaccessible provided that for any sequence (L n ) n∈ω of countably based z-filters (filters based in zero sets) on X ; if adh(L n ) = ∅ for every n ∈ ω, then adh( n∈ω L n ) = ∅.
The following proposition follows immediately from Theorem 14 and Theorem 16 of [11] .
Proposition 7. Let Y be a completely regular, Lindelöf, space with at most one non-isolated point. If Y is sequentially inaccessible, then C T (c) (Y , R) = C is (Y , R).
Lemma 8. X is sequentially inaccessible.
Proof. Let (F n ) n∈ω be a sequence of countably based filters on X such that adh(F n ) = ∅ for every n ∈ ω. For each n ∈ ω let (F k n ) k∈ω be a ⊆-decreasing base for F n . For each n ∈ ω there is a k n ∈ ω such that lim l∈ω
for every l l 0 . Suppose n 0 and we have defined l 0 . . .l n so that:
for every i n we have
for every j i and l l n .
We show how to pick l n+1 so that conditions (a) and (b) are preserved. Since lim l∈ω
Let p > 1 and l l p . Let m be the element of ω such that l m−1 l < l m . Since l p l m−1 , we have 1 < p m − 1. Now,
Thus, adh( n∈ω F n ) = ∅. Therefore, X is sequentially inaccessible. 2
The following theorem summarizes the properties of X .
Theorem 9. C k (X, R) < C is (X, R) = C T (c) (X, R) and C is (X, R) is a metrizable topological group.
Proof. It is immediate from Lemma 4, Lemma 8, and Proposition 7 that C k (X, R) < C is (X, R) = C T (c) (X, R). That C is (X, R) is a topological group follows from Proposition 2 and Lemma 5. Since C is (X, R) is a topological group, to see that C is (X, R) is metrizable it is enough to show that C is (X, R) has a countable base at the zero function 0. 
